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AMENABLE CROSSED PRODUCT BANACH ALGEBRAS
ASSOCIATED WITH A CLASS OF C∗-DYNAMICAL SYSTEMS.
II
MARCEL DE JEU, RACHID EL HARTI, AND PAULO R. PINTO
ABSTRACT. We prove that the crossed product Banach algebra ℓ1(G,A;α)
that is associated with a C∗-dynamical system (A,G,α) is amenable if G
is a discrete amenable group and A is a strongly amenable C∗-algebra.
This is a consequence of the combination of a more general result with
Paterson’s characterisation of strongly amenable unital C∗-algebras in
terms of invariant means for their unitary groups.
1. INTRODUCTION AND OVERVIEW
If (A,G,α) is a C∗-dynamical system, where A is a nuclear C∗-algebra
and G is an amenable locally compact Hausdorff topological group, then
the crossed product C∗-algebra A⋊α G is a nuclear C∗-algebra; see e.g. [10],
[11, Proposition 14], or [24, Theorem 7.18]. Using Connes’ work in [5] and
Haagerup’s in [12], one can equivalently say that A⋊α G is an amenable
Banach algebra if G is an amenable locally compact Hausdorff topological
group and A is an amenable C∗-algebra. Here a Banach algebra A is called
amenable if every bounded derivation of A with values in a dual Banach A-
bimodule is inner, and a topological group G is called amenable if there ex-
ists a left invariant state on the unital C∗-algebra of bounded right uniformly
continuous complex valued functions on G. For a locally compact Haus-
dorff topological group G, this is equivalent to the existence of left invari-
ant states on other unital C∗-algebras of (equivalence classes of) functions
on G; see e.g. [23, Definition 1.1.4, Theorem 1.1.9, and Theorem 1.1.11].
If G is discrete, amenability is simply the existence of a left invariant state
on ℓ∞(G).
The C∗-algebra A⋊α G is the enveloping C∗-algebra of the twisted con-
volution algebra L1(G,A;α). In view of the above reformulation of the
nuclearity result in terms of amenability, it seems natural to inquire whether
L1(G,A;α) is perhaps also amenable under the same conditions on A andG.
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Apart from its intrinsic interest, this would also provide an alternative ap-
proach to the nuclearity of A⋊α G. Indeed, since the inclusion of the latter
in the former is continuous (even contractive) with dense image, we could
then use [23, Proposition 2.3.1] to conclude that A⋊α G is amenable, and
therefore nuclear.
Not much seems to be known about the amenability of L1(G,A;α), or, for
that matter, of other Banach algebras of L1-type at all. There is, of course,
Johnson’s result for A=C: if G is an amenable locally compact Hausdorff
topological group, then L1(G) is amenable. See e.g [13, Theorem 2.5] for
this and its converse; the latter is due to Ringrose. If G is discrete, then a
little more is known. The algebra ℓ1(G,A;α) (we shall give its definition
in Section 2) is amenable if A is a commutative or finite dimensional C∗-
algebra (see [6, Theorem 2.4]); it is unknown whether there is a converse of
some kind involving properties ofG. For general G and (Banach) algebra A,
one can introduce a weight ω : G→R≥0 and arrive at a generalised Beurl-
ing algebra L1(G,A,ω;α) as in [7, Definition 5.4]. ForG=Z and A=C, it
is known (see [1, Theorem 2.4]) that for certain weights the ensuing Beurl-
ing algebras are amenable (or weakly amenable), whereas for others they
are not. The authors are not aware of any other results on amenability for
L1-type Banach algebras.
In this paper, we show that ℓ1(G,A;α) is an amenable Banach algebra
if G is a discrete amenable group and A is a strongly amenable not ne-
cessarily unital C∗-algebra (see Theorem 4.3). The latter notion has been
introduced by Johnson (see [13, p.70] or [12, p. 313]): a unital C∗-algebra
with unitary group U is said to be strongly amenable if, for every bounded
derivation D of A with values in a dual Banach A-bimodule E∗, there exists
x∗ in the weak*-closed convex hull of {−Du ·u−1 : u ∈U } in E∗ such that
Da= a · x−x ·a for all a ∈ A. A non-unital C∗-algebra is said to be strongly
amenable if its unitisation is. Every strongly amenable Banach algebra is
amenable, but the converse does not hold, as is shown by the Cuntz algebras
On for n≥ 2; see [21]. All Type I C∗-algebras (equivalently: all postliminal
C∗-algebras; see [8, Remark 9.5.9]) are strongly amenable; see [13, The-
orem 7.9]. Thus our present result covers a reasonably wide class of ex-
amples, and, in particular, it implies our previous result that ℓ1(G,A;α) is
amenable if A is a commutative or finite dimensional C∗-algebra.
We shall now explain the structure of the proof, which will also make
clear how strong amenability of A enters the picture in a natural way, re-
placing the weaker requirement of amenability that was the initial Ansatz
in the above discussion. Actually, it will become clear which (presumably)
weaker condition than strong amenability is sufficient for ℓ1(G,A;α) to be
amenable.
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Let us sketch how one could attempt (and fail) to prove—along the lines
of [6]—that ℓ1(G,A;α) is an amenable Banach algebra if G is a discrete
amenable group and A is only known to be an amenable C∗-algebra. First
of all, it follows from [23, Corollary 2.3.11] and [6, Lemma 2.2] that it is
equivalent to attempt this with A also unital, so let us assume this. In that
case (we refer to Lemma 2.1 for details), ℓ1(G,A;α) contains a group H
that is generated as an abstract group by G and the unitary group U of A,
and that has U as a normal subgroup. In fact, the group H is isomorphic
to U ⋊α G as abstract groups, but we shall not need this more precise
statement. The important point is that the closed linear span of H equals
ℓ1(G,A;α). Therefore, if D is a bounded derivation of ℓ1(G,A;α) with val-
ues in a dual ℓ1(G,A;α)-bimodule E∗, and if we want to show that D is
inner, we need only prove that its restriction to H is inner. This observation
is already used in [6]. In [6], the proof then proceeds by supplyingU with
the inherited norm topology of ℓ1(G,A;α) if A is finite dimensional, or with
the discrete topology if A is commutative. Then U is an amenable locally
compact Hausdorff topological group in both cases, and a known stability
property for such groups (see [18, Proposition 13.4]) then implies that H
is an amenable locally compact Hausdorff topological group as well. Con-
sequently, [18, Theorem 11.8.(ii)] (see also [18, p. 17–18 and p. 99]) shows
that D is inner on H. This concludes the proof in [6]. Inspection shows
that the proof of the result on innerness that is invoked (i.e. of [18, The-
orem 11.8.(ii)]) is ultimately based (see [18, proof of Lemma 11.6]) on
Johnson’s archetypical argument (see [13, p. 33]) to show that, in a suitable
context, bounded derivations of a group with values in dual Banach bimod-
ules are inner if there exists an appropriate left invariant mean on the group.
The same is thus true for our earlier result [6, Theorem 2.4]: surviving all
layers if A is commutative or finite dimensional, it is this argument that
provides the key to the amenability of ℓ1(G,A;α) in [6].
For general amenable A, the natural follow-up after the observation that
one need only prove that D is inner on H does not seem to work. We shall
now explain this.
For a general unital C∗-algebra A, it has been established by Paterson
(see [17, Theorem 2]) that its unitary group U is a Hausdorff topological
group in the weak topology that it inherits from the Banach space A, and
thatU is amenable in that weak topology if A is amenable (in fact, this char-
acterises amenable A; see [17, Theorem 2]). In view of what has worked
earlier this is an encouraging starting point, since we are indeed in that situ-
ation. So let us supply U with the weak topology inherited from A, and,
for convenience, let us assume—this could perhaps be another matter—that
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we can show that H ≃U ⋊α G is a topological group in the product topo-
logy, and that it is then amenable. In that case, one has a left H-invariant
mean on the bounded right uniformly continuous functions on H to work
with, and the next step would presumably be to use Johnson’s argument to
show that this implies that a bounded derivation on H with values in a dual
Banach H-bimodule E∗ is inner. As earlier, this would then conclude the
proof. It is at this point, however, that an obstacle arises. In order to be able
to apply Johnson’s argument toH, one needs that, for all x∈ E, the function
h 7→ 〈x,Dh ·h−1〉 is in the function space on which the left invariant mean
living onH acts. In the presumed situation, it should, therefore, be bounded
and right uniformly continuous. In particular, its restriction toU should be
right uniformly continuous. However, there seems to be no reason why
this should in general be the case or, for that matter, why it should even be
continuous. If the actions of U on E are strongly continuous, then these
restricted functions are easily seen to be right uniformly continuous, as re-
quired, but we have no guarantee that this is the case if the U -actions and
the derivation D of U originate from an enveloping ℓ1(G,A;α)-bimodule
structure. The point is that we are working with the group U in its inher-
ited weak topology from A, and not in the inherited norm topology from A.
In the latter topology the actions of U on E are evidently strongly continu-
ous, but there seems to be no reason why this should still be the case for
the weak topology on U , and it is the latter topology we must work with if
we want to have the amenability ofU from Paterson’s result at our disposal.
Thus this attempt, based on combining Paterson’s result for amenable unital
C∗-algebras and Johnson’s argument exploiting a left invariant mean on the
right uniformly continuous functions on a topological group, runs aground.
It is at this point that Paterson’s characterisation of strongly amenable
unital C∗-algebras (see [16, Theorem 2] and the left/right discussion preced-
ing Theorem 4.3) comes in to overcome this obstruction originating from
having the ‘wrong’ topology on U . Indeed, if A is strongly amenable, then
there exists a left invariant mean on a space of functions on U that makes
no reference to a specific topology on U at all, but that is naturally associ-
ated with the bounded bilinear forms on A. It is immediate (see the proof
of Theorem 4.3) that the functions u 7→ 〈x,Du ·u−1〉 are in this space for
all x ∈ E, together with the constants. It is then not too difficult—it is
here that the amenability of the discrete group G is used; see the proof of
Lemma 3.5)—to construct a left invariant mean on the minimal space of
functions on H on which one needs such a mean in order to be able to make
Johnson’s argument work, i.e. on the space of functions onH that is spanned
by the constants and the functions h 7→ 〈x,Dh ·h−1〉 for x ∈ E (see the proof
of Lemma 3.2). With this available, D is seen to be inner on H, and then we
are done. It is in this way, by combining Paterson’s result [16, Theorem 2]
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for strongly amenable unital C∗-algebras with a somewhat more careful in-
spection of what the minimal requirements are in order to be able to apply
Johnson’s argument, that the proof is then concluded for such algebras after
all. As will become apparent from Section 3, these minimal requirements
are not related to topology at all. In the end, therefore, there is no role any-
more for the amenability of U in the inherited weak topology of A, even
though at first this seemed to be the most natural thing to start with.
Actually, as may already be obvious from the above discussion, one does
not really need that A is strongly amenable for ℓ1(G,A;α) to be amenable.
The existence of a left invariant mean on the space of functions on U that
is spanned by the constants and the functions u 7→ 〈x,Du ·u−1〉 for x ∈ E
is already sufficient, and Paterson’s result [16, Theorem 2] ‘only’ implies
that this is certainly the case if A is strongly amenable. It is, therefore,
perhaps more precise to regard Theorem 4.2, which is still in the general
context, as the most prominent result of this paper. The fact that ℓ1(G,A;α)
is amenable if A is strongly amenable and G is amenable is an appealing
special case thereof.
This paper is organised as follows.
Section 2 contains the necessary terminology and definitions, including
that of the Banach algebra ℓ1(G,A;α).
Section 3 is concerned with prudent hypotheses implying that an abstract
group has the property that every bounded derivation with values in a dual
Banach bimodule is inner.
Section 4 contains the main results Theorems 4.2 and 4.3 on the amenab-
ility of ℓ1(G,A;α).
In Section 5 we briefly discuss converse implications. The situation here
is largely open, with only a limited number of results available that can be
derived via the detour of the enveloping C∗-algebra A⋊α G of ℓ1(G,A;α).
It is also argued here that this detour could involve loss of information, so
that proper L1-type arguments are needed.
For a discussion of a surmised general framework for amenability of
crossed products of Banach algebras (as in [7, Definition 3.2]) that are asso-
ciated with C∗-dynamical systems we refer to [6, Section 3].
2. PRELIMINARIES
We start by establishing some terminology and notation. Since the defini-
tions in the literature can slightly vary from author to author (or even greatly
in the case of ‘left’ and ‘right’), we shall also define the most basic notions.
If G is an abstract group, then ℓ∞(G) denotes the space of all bounded
complex valued functions on G. All subspaces of ℓ∞(G) will be assumed to
carry the supremum norm. For g0 ∈G, define the left translationL
g0
G : ℓ
∞(G)→
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ℓ∞(G) by Lg0G ϕ(g) = ϕ(g0g) for ϕ ∈ ℓ
∞(G) and g∈G. Then Lg1g2G = L
g2
G L
g1
G
for g1,g2 ∈ G. The definition of a right translations is similar, without an
inverse. We have included the group in the notation, as later on there will
be several groups occurring simultaneously.
If ΦG ⊂ ℓ
∞(G) is a not necessarily closed subspace, then ΦG is said to
be left G-invariant if it is invariant under LgG for all g ∈ G. An element x
∗
Φ
G
of the norm dual Φ∗G of a left G-invariant subspace ΦG of ℓ
∞(G) is said to
be left G-invariant if 〈LgGϕ,x
∗
ΦG
〉 = 〈ϕ,x∗ΦG
〉 for all ϕ ∈ ΦG and g ∈ G. A
right G-invariant subspace and a right G-invariant element of its dual are
similarly defined.
Although we have employed it in Section 1, we shall not use the ter-
minology of ‘means’ in the sequel, but simply state the properties that an
element m of the norm dual of a subspace of ℓ∞(G) is required to have. As
we shall see, the state-like property that ‖m‖= 1=m(1G) (here 1G denotes
the function on G that is identically 1) will never be needed; see, however,
part 2 of Remark 3.3.
If G is an abstract group, then a Banach left G-module is a Banach
space E that is supplied with a left G-action with the property that there
exists K ≥ 0 such that ‖g · x‖ ≤ K‖x‖ for all g ∈ G an x ∈ E. We do not as-
sume that theG-action is unital. The definitions of a Banach right G-module
and of a Banach G-bimodule are analogous. A dual Banach G-bimodule is
obtained from a Banach G-bimodule by taking the adjoint actions.
If G is an abstract group, and E is a Banach G-bimodule, then a de-
rivation of the group G with values in E is a map D : G 7→ E such that
D(g1g2) = Dg1 · g2+g1 ·Dg2 for all g1,g2 ∈ G. It is a bounded derivation
of the group G if D(G) is a norm bounded subset of E. For x ∈ E, the map
g 7→ g · x− x ·g for g ∈ G is a bounded derivation of G; such a derivation is
called an inner derivation of the group G
If A is a Banach algebra, then a Banach left A-module is a Banach space E
that is supplied with a left A-action with the property that there exists a
constant K ≥ 0 such that ‖a · x‖ ≤ K‖a‖‖x‖ for all a ∈ A and x ∈ E. We
do not assume that (if applicable) the A-action is unital. The definitions of
a Banach right A-module and a Banach A-bimodule are analogous. A dual
Banach A-bimodule is obtained from a Banach A-bimodule by taking the
adjoint actions.
If A is a Banach algebra, and E is a Banach A-bimodule, then a derivation
of the Banach algebra A with values in E is a linear mapD : A 7→E such that
D(a1a2) = Da1 · a2+a1 ·Da2 for all a1,a2 ∈ A. It is a bounded derivation
of the Banach algebra A if D is a bounded operator between the normed
spaces A and E. For x ∈ E, the map a 7→ a · x− x ·a for a ∈ A is a bounded
derivation of A. Such a derivation is called an inner derivation of the Banach
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algebra A. The Banach algebra A is an amenable Banach algebra if every
bounded derivation of A with values in a dual Banach A-bimodule is an
inner derivation.
After this part on terminology and notation, we turn to the description of
the Banach algebra ℓ1(G,A;α).
Let (A,G,α) be a C∗-dynamical system with G discrete, i.e. let α : G→
Aut(A) be an action of a discrete group G as ∗-automorphisms of a (not
necessarily unital) C∗-algebra A. Let
ℓ1(G,A;α) = { a : G−→ A : ‖a‖ := ∑
g∈G
‖ag‖< ∞},
where for typographical reasons we have written ag for a(g). We sup-
ply ℓ1(G,A;α) with the usual twisted convolution product and involution,
defined by
(aa′)(g) = ∑
h∈G
ah ·αh(a
′
h−1g
)(2.1)
for a,a′ ∈ ℓ1(G,A;α)) and g ∈ G, and by
a∗(g) = αg((ag−1)
∗)(2.2)
for a ∈ ℓ1(G,A;α)) and g ∈ G, respectively. Then ℓ1(G,A;α) becomes a
Banach algebra with isometric involution. The usual convolution algebra
ℓ1(G,A) is the special case ℓ1(G,A; triv). Specialising further, if A = C,
then ℓ1(G,C; triv) is the usual group algebra ℓ1(G).
Suppose that A is unital. In that case, there is a more convenient model
for ℓ1(G,A;α), as we shall now indicate.
For g ∈ G, let δg : G→ A be defined by
δg(h) =
{
1A if h= g;
0A if h 6= g,
where 1A and 0A denote the identity and the zero element of A, respectively.
Then δg ∈ ℓ1(G,A;α) and ‖δg‖= 1 for all g ∈ G. Furthermore, ℓ1(G,A;α)
is unital with δe as identity element, where e denotes the identity element
of G. Using equation (2.1), one finds that
δgh = δg ·δh
for all g,k ∈ G. Hence δg is invertible in ℓ1(G,A;α) for all g ∈ G, and we
have δ−1g = δg−1 . It is now obvious that the set {δg : g ∈ G} consists of
norm one elements of ℓ1(G,A;α), and that it is a subgroup of the invertible
elements of ℓ1(G,A;α) that is isomorphic to G.
In the same vein, it follows easily from equations (2.1) and (2.2) that we
can view A isometrically as a closed *-subalgebra of ℓ1(G,A;α), namely
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as {aδe : a ∈ A}, where aδe is the element of ℓ1(G,A;α) that assumes the
value a ∈ A at e ∈ G, and the value 0A ∈ A elsewhere.
If a ∈ ℓ1(G,A;α), then it is easy to see that a = ∑g∈G(agδe)δg as an
absolutely convergent series in ℓ1(G,A;α). Hence, if we identify agδe and
ag, we have a=∑g∈G agδg as an absolutely convergent series in ℓ
1(G,A;α).
Finally, let us note that an elementary computation, using equation (2.1)
and the identifications just mentioned, shows that the identity
δgaδ
−1
g = αg(a)
holds in ℓ1(G,A;α) for all g ∈ G and a ∈ A.
The following key observation, already used in [6], is now clear.
Lemma 2.1. Let (A,G,α) be a C∗-dynamical system, where G is a dis-
crete group and A a unital C∗-algebra with unitary group U. Let H =
{uδg : u ∈U, g ∈ G}. Then H and the semidirect product U ⋊α G are ca-
nonically isomorphic as abstract groups. Moreover, the linear span of H is
dense in ℓ1(G,A;α).
3. INNERNESS OF DERIVATIONS OF ABSTRACT GROUPS
This section is concerned with prudent hypotheses ensuring that a bounded
derivation of an abstract group G with values in a dual Banach G-bimodule
is inner.
We start by employing Johnson’s argument [13, p. 33] under such hypo-
theses. It seems customary in the literature to first change the G-bimodule
structure into one where the left action is trivial, prove that for such G-
bimodule structures bounded derivations in dual Banach G-modules are in-
ner, and then conclude from this special case that this also holds in the
general case. As the proof of Lemma 3.2 below shows, this is hardly an
actual simplification. It also shows how the map g 7→Dg ·g−1, occurring in
the definition of a strongly amenable unital C∗-algebra, is quite natural in a
more general context.
In the proof, a family of functions occur that will frequently reappear in
the sequel. We shall now define these, and subsequently proceed with the
innerness of derivations.
Definition 3.1. Let G be an abstract group, and let E be a Banach G-
bimodule. Let D : G→ E∗ be a derivation. For x ∈ E, define ϕx,DG : G 7→C
by
ϕx,DG (g) = 〈x,Dg ·g
−1〉
for g ∈ G.
Lemma 3.2. Let G be an abstract group, and let E be a Banach G-bimodule
where the left G-action on E is unital.
AMENABLE CROSSED PRODUCT BANACH ALGEBRAS 9
Let D : G → E∗ be a bounded derivation. Then ϕx,DG ∈ ℓ
∞(G) for all
x ∈ E.
Put
ΦDG = span{{ϕ
x,D
G : x ∈ E }∪{1G }}.
Then ΦDG is left G-invariant.
Suppose that there exists a left G-invariant element mΦDG
of
(
ΦDG
)∗
with
〈1G,mΦDG
〉= 1. Then D is inner.
Proof. It is clear that ϕx,DG ∈ ℓ
∞(G) for all x ∈ E, so we start with the left
G-invariance of ΦDG. Let x ∈ E and g0 ∈ G. Then, for g ∈ G,
(Lg0G ϕ
x,D
G )(g) = ϕ
x,D
G (g0g)
= 〈x,D(g0g) · (g0g)
−1〉
= 〈x,Dg0 ·g ·g
−1 ·g−10 +g0 ·Dg ·g
−1 ·g−10 〉
= 〈x,Dg0 ·g
−1
0 〉+ 〈g
−1
0 · x ·g0,Dg ·g
−1〉.
Hence
(3.1) Lg0G ϕ
x,D
G = 〈x,Dg0 ·g
−1
0 〉1G+ϕ
g−10 ·x·g0,D
G
for all x ∈ E and g ∈ G. From this the left G-invariance of ΦDG is clear.
If an element mΦDG of
(
ΦDG
)∗
as specified exists, then define x∗0 : E → C
by
〈x,x∗0〉= 〈ϕ
x,D
G ,mΦDG
〉
for x ∈ E. The boundedness of mΦDG , of D, and of the left G-action on E
ensure that x∗0 is bounded.
Replacing g0 with g, and x with g · x in equation (3.1), we find that
LgGϕ
g·x,D
G = 〈x,Dg〉1G+ϕ
x·g,D
G
for all x ∈ E and g ∈ G; it is here that we use that the left G-action on E is
unital. Using this, we see that, for all x ∈ E and g ∈ G,
〈x,g · x∗0〉= 〈x ·g,x
∗
0〉
= 〈ϕ
x·g,D
G ,mΦDG
〉
= 〈LgGϕ
g·x,D
G −〈x,Dg〉1G,mΦDG
〉
= 〈ϕg·x.DG ,mΦDG
〉−〈x,Dg〉
= 〈g · x,x∗0〉−〈x,Dg〉
= 〈x,x∗0 ·g〉−〈x,Dg〉.
Hence Dg= x∗0 ·g−g · x
∗
0 for all g ∈ G, so that D is inner. 
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Remark 3.3.
(1) Note that it is not required in Lemma 3.2 that ‖mΦDG‖= 1, i.e. we do
not impose the state-like condition ‖mΦDG‖= 1= 〈1G,mΦDG〉.
(2) Suppose that there exists a leftG-invariant elementmℓ∞(G) of ℓ
∞(G)∗
such that 〈1G,mℓ∞(G)〉= 1. In that case, Lemma 3.2 shows that every
bounded derivation of G with values in an arbitrary dual Banach
G-bimodule E∗ is inner, provided that the left G-action on E is
unital. Then [18, Theorem 11.8.i] implies that the discrete group G
is amenable in the sense of [18, Definition 4.2] (see also [18, Defin-
ition 3.1]), and consequently [18, Proposition 3.2] yields that there
exists a leftG-invariant state on ℓ∞(G). Thus the discrete groupG is,
in fact, an amenable topological group as this notion was defined in
Section 1. However, in order to emphasise that it is the ‘actual’ nat-
ural condition, we shall, when applicable, insist on using the seem-
ingly weaker requirement that there exist a left G-invariant element
mℓ∞(G) of ℓ
∞(G)∗ such that 〈1G,mℓ∞(G)〉= 1.
Remark 3.4. Inspection of the proof of Lemma 3.2 shows that the hypo-
theses on the G-actions and D can be relaxed. It is sufficient that the left
and right G-actions on E be by bounded operators, that the left G-action
on E be unital, and that {Dg ·g−1 : g ∈ G} be a norm bounded subset of
E∗.
The next step is to investigate the innerness of bounded derivations of a
group that is generated by two subgroups, one of which is normal. For this
result, Proposition 3.6 below, we need the following preparation.
Lemma 3.5. Let G be an abstract group that is generated by a subgroup H
and a normal subgroup N.
Let ΦN be a left N-invariant subspace of ℓ
∞(N) containing the constants,
and let ΦG be a left G-invariant subspace of ℓ
∞(G) containing the constants
and such that ϕ↾N∈ ΦN for all ϕ ∈ ΦG.
Suppose that there exists a left H-invariant element mℓ∞(H) of ℓ
∞(H)∗
with 〈1H ,mℓ∞(H)〉= 1, as well as a left N-invariant element mΦN of Φ
∗
N with
〈1N,mΦN〉= 1.
Then there exists a left G-invariant element mΦG of Φ
∗
G with 〈1G,mΦG〉=
1.
Every g ∈ G can be written as g = hn with h ∈ H and n ∈ N, but it is
not required that this factorisation be unique, i.e. it is sufficient that G be a
quotient of an external semi-direct product of its subgroups H and N, and
not necessarily equal to an internal semi-direct product of these subgroups.
When applying Lemma 3.5 in our principal case of interest (see the proof
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of Proposition 4.1) the latter will actually be the case, but it plays no role in
the proofs.
Proof. This is a variation on a construction that is usually carried out in
the context of a discrete (see e.g. [3, Proposition 4.5.5]) or, more generally
(see e.g. [18, Proposition 13.4]), a locally compact Hausdorff topological
group G having a normal closed subgroup N such that N and G/N are both
amenable.
For ϕ ∈ ΦG, let ϕ˜ ∈ ℓ
∞(H) be defined by
ϕ˜(h) = 〈(LhGϕ)↾N,mΦN〉,
for h ∈ H, and put
〈ϕ,mΦ
G
〉= 〈ϕ˜,mℓ∞(H)〉.
Then mΦG ∈ Φ
∗
G, and 〈1G,mΦG〉= 1.
It is elementary that (Lh0G ϕ)
∼ = Lh0H ϕ˜ for all ϕ ∈ ΦG and h0 ∈ H. The
Lh0H -invariance of mℓ∞(H) then implies that mΦG is invariant under L
h
G for all
h ∈ H.
For ϕ ∈ ΦG, n0 ∈ N, and h0 ∈ H fixed, we have
(Ln0G ϕ)
∼(h0) = 〈(L
h0
G L
n0
G ϕ)↾N,mΦN〉
= 〈(Ln0h0G ϕ)↾N,mΦN〉.
Since N is normal, there exists n′0 ∈ N such that n0h0 = h0n
′
0, and it is ele-
mentary that (L
h0n
′
0
G ϕ)↾N= L
n′0
N [(L
h0
G ϕ)↾N]. Hence, using the L
n′0
N -invariance
of mΦN in the penultimate step, we have
(Ln0G ϕ)
∼(h0) = 〈(L
n0h0
G ϕ)↾N,mΦN〉
= 〈(L
h0n
′
0
G ϕ)↾N,mΦN〉
= 〈L
n′0
N [(L
h0
G ϕ)↾N],mΦN〉
= 〈(Lh0G ϕ)↾N,mΦN〉
= ϕ˜(h0).
Therefore (Ln0G ϕ)
∼ = f˜ ; it follows that mΦ
G
is also LnG-invariant for all n ∈
N.
Since G is generated by H and N, this concludes the proof. 
We can now combine Lemma 3.2 and Lemma 3.5 and obtain the fol-
lowing result. The prudent formulation of the hypotheses in Lemmas 3.2
and 3.5 allows us to be likewise prudent in the hypotheses on the group N
in the following result. The functions ϕx,DN figuring in it are the ones as in
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Definition 3.1, but then for the restrictions of the actions and of the deriva-
tion to N. Obviously, these are simply the restrictions of the ϕx,DG to N.
Proposition 3.6. Let G be an abstract group that is generated by a sub-
group H and a normal subgroup N, where H has the property that there
exists a left H-invariant element mℓ∞(H) of ℓ
∞(H)∗ with 〈1H ,mℓ∞(H)〉= 1.
Let E be a Banach G-bimodule where the left G-action on E is unital, and
let D : G→ E∗ be a bounded derivation. Let the left N-invariant subspace
ΦDN of ℓ
∞(N) be defined by
ΦDN = span{{ϕ
x,D
N : x ∈ E }∪{1N }},
and suppose that there exists a left N-invariant element mΦDN
of
(
ΦDN
)∗
with
〈1N,mΦDN
〉= 1.
Then D is an inner derivation of G.
Proof. Put
ΦDG = span{{ϕ
x,D
G : x ∈ E }∪{1G }}.
The first part of Lemma 3.2 shows that ΦDN is a left N-invariant subspace
of ℓ∞(N), and that ΦDG is left G-invariant subspace of ℓ
∞(G). From the
comments preceding the proposition, it is trivial that the set of restrictions
of the elements of ΦDG to N equals Φ
D
N .
We are now in the situation of Lemma 3.5, and we conclude that there
exists a left G-invariant element mΦDG of
(
ΦDG
)∗
with 〈1G,mΦDG〉 = 1. An
appeal to Lemma 3.2 shows that D is an inner derivation of G. 
Remark 3.7. In view of Remark 3.4 and the above proof, the hypotheses
in Proposition 3.6 on the G-actions and D can be relaxed. It is sufficient
that the left and right G-actions on E be by bounded operators, that the left
G-action on E be unital, and that {Dg ·g−1 : g ∈ G} be a norm bounded
subset of E∗.
4. AMENABILITY OF ℓ1(G,A;α)
All that remains to be done is to combine Lemma 2.1 and Proposition 3.6,
and add Paterson’s result [16, Theorem 2] later on. This is made possible
by the prudence concerning hypotheses in Section 3.
We recall that the condition on G occurring in the results in this section
is actually equivalent to requiring that there exist a left G-invariant state on
ℓ∞(G); see part 2 of Remark 3.3
The following result is the most precise one in this section, because it is
concerned with only one bounded derivation of ℓ1(G,A;α). For the conveni-
ence of the reader, the definition of the functions ϕx,DU from Definition 3.1
is included again, as it will be in Theorem 4.2.
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Proposition 4.1. Let (A,G,α) be a C∗-dynamical system, where A is a
unital C∗-algebra with unitary group U, and G is a discrete group such that
there exists a left G-invariant element mℓ∞(G) of ℓ
∞(G)∗ with 〈1G,mℓ∞(G)〉=
1.
Let E be a Banach ℓ1(G,A;α)-bimodule, and let D : ℓ1(G,A;α)→ E∗ be
a bounded derivation. For x ∈ E, define ϕx,DU :U 7→C by
ϕx,DU (u) = 〈x,Du ·u
−1〉
for u ∈U, and put
ΦDU = span{{ϕ
x,D
U : x ∈ E }∪{1U }}.
Suppose that there exists a left U-invariant element mΦDU
of
(
ΦDU
)∗
with
〈1U ,mΦDU
〉= 1.
Then D is an inner derivation of ℓ1(G,A;α).
Proof. Assume first that E is unital as a left ℓ1(G,A;α)-module.
Consider H ≃ U ⋊α G ⊂ ℓ1(G,A;α). Obviously, E is a H-bimodule.
Since H is a bounded subset of ℓ1(G,A;α) (recall that ‖h‖ = 1 for all
h ∈ H), E is, in fact, a Banach H-bimodule. Since E is unital as a left
ℓ1(G,A;α)-module, and the identity elements of ℓ1(G,A;α) and H coin-
cide, the left H-action on E is unital.
The derivation D of ℓ1(G,A;α) restricts to a derivation of H, again de-
noted by D. Since H is a bounded subset of ℓ1(G,A;α), D is a bounded
derivation ofU with values in E∗.
We can now apply Proposition 3.6, where we replaceGwith our presentH,
H with our present G, and N with our presentU . We conclude from Propos-
ition 3.6 that D is inner on our present H. Since by Lemma 2.1 the linear
span of our presentH is dense in ℓ1(G,A;α),D is inner on ℓ1(G,A;α). This
concludes the proof where E is unital as a left ℓ1(G,A;α)-module.
It remains to cover the case where E is possibly degenerate as a left
ℓ1(G,A;α)-module. The approach for this is more or less standard (cf.
e.g. [13, Proposition 1.8] or [19, Proposition 0.3]), but since our criterion ap-
plies to one derivation, and is in terms of a specific space of functions onU
that is defined using the whole space E, we cannot content ourselves with a
reference to a known isomorphism between two cohomology groups, one of
which then corresponds to a unital left action on the largest submodule with
this property. Hence we include the required steps. Denote the left action
of the identity element δe of ℓ1(G,A;α) on E by P. Then P is a continuous
projection with adjoint P∗ : E∗ → E∗. Both are morphisms of ℓ1(G,A;α)-
bimodules. The subspace PE is a Banach ℓ1(G,A;α)-bimodule such that
the left action of ℓ1(G,A;α) is unital. In order to describe the dual Banach
ℓ1(G,A;α)-bimodule (PE)∗ of PE, define j : P∗E∗ → (PE)∗ by j(x∗) =
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x∗ ↾PE for x∗ ∈ P∗E∗. Then j is a topological isomorphism of Banach
ℓ1(G,A;α)-bimodules between P∗E∗ and (PE)∗. DefineDP : ℓ1(G,A;α)→
(PE)∗ by j(a) = j(P∗Da) for a ∈ A. Then DP is a bounded derivation
of ℓ1(G,A;α) with values in the dual Banach ℓ1(G,A;α)-bimodule (PE)∗.
Moreover, it is easily verified (this is the point) that ΦDPU = Φ
D
U . From the
result for the left unital case, we know that there exists ξ ∗ ∈ (PE)∗ such
that DPa= a · ξ ∗−ξ ∗ · a for all a ∈ ℓ1(G,A;α). It is then a routine further
verification that D is the inner derivation of ℓ1(G,A;α) that corresponds to
j−1ξ +(idE∗−P∗)Dδe ∈ E∗. 
In the unital case, it is now obvious what the natural sufficient condition
is for ℓ1(G,A;α) to be amenable. The following is immediate from Propos-
ition 4.1.
Theorem 4.2. Let (A,G,α) be a C∗-dynamical system, where A is a unital
C∗-algebra with unitary groupU, and where G is a discrete group such that
there exists a left G-invariant element mℓ∞(G) of ℓ
∞(G)∗ with 〈1G,mℓ∞(G)〉=
1.
For every Banach ℓ1(G,A;α)-bimodule E, every x∈E, and every bounded
derivation D : ℓ1(G,A;α)→ E∗, define ϕx,DU : U 7→C by
ϕx,DU (u) = 〈x,Du ·u
−1〉
for u ∈U.
Let ΦDerU denote the leftU-invariant subspace of ℓ
∞(U) that is spanned by
1U and the functionsϕ
x,D
U corresponding to all Banach ℓ
1(G,A;α)-bimodules E,
all x ∈ E, and all bounded derivations D : ℓ1(G,A;α)→ E∗.
Suppose that there exists a leftU-invariant element mΦDerU
of
(
ΦDerU
)∗
with
〈1U ,mΦU 〉= 1. Then ℓ
1(G,A;α) is an amenable Banach algebra.
It remains to identify a substantial class of unital C∗-algebras such that
mΦDerU
as in Theorem 4.2 exists. As we shall now proceed to show, the
strongly amenable C∗-algebras are such a class.
Let A be a unital C∗-algebra with unitary groupU . Let Bil(A) be the space
of all bounded bilinear forms on A. Following [16], for V ∈ Bil(A), we
define ∆(V ) : U→C by∆(V )(u)=V(u−1,u). Let ΦBilU = span {∆V :V ∈ Bil(A)};
this space is denoted by B(A) in [16]. Then ΦBilU is a subspace of ℓ
∞(U)
containing the constants (consider (a1,a2) 7→ a∗(a1a2) for a∗ ∈ A∗ such
that a∗(1A) = 1), and it is easy to see that it is left and right U -invariant;
see [16, p. 557]. It can then be shown (see [16, Theorem 2]) that A is
strongly amenable if and only if there exists a right U -invariant element
mΦBilU
of
(
ΦBilU
)∗
such that mΦBilU (1) = 1= ‖mΦBilU ‖.
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Actually, the strong amenability of a unital C∗-algebra A is also equival-
ent to the existence of a left (which is what we need) U -invariant element
mΦBilU
of
(
ΦBilU
)∗
such that mΦBilU
(1) = 1 = ‖mΦBilU
‖. We shall now show
this. For ϕ ∈ ℓ∞(U), define ϕˇ ∈ ℓ∞(U) by ϕ(u) = ϕ(u−1) for u ∈U . For
V ∈Bil(A), define Vˇ ∈Bil(A) by Vˇ (a1,a2) =V (a2,a1) for a1,a2 ∈ A. Then
(∆V )ˇ = ∆(Vˇ ) for V ∈ Bil(A). We see from this that the map ϕ 7→ ϕˇ is an
isometric linear automorphism of the normed space ΦBilU and this, in turn,
shows how to obtain left U -invariant continuous linear functionals from
rightU -invariant ones, and vice versa.
With Theorem 4.2 and the above discussion of Paterson’s result available,
the rest is now easy.
Theorem 4.3. Let (A,G,α) be a C∗-dynamical system, where A is a strongly
amenable not necessarily unital C∗-algebra, and G is a discrete group such
that there exists a left G-invariant element mℓ∞(G) of ℓ
∞(G)∗ with 〈1G,mℓ∞(G)〉=
1.
Then ℓ1(G,A;α) is an amenable Banach algebra.
Proof. As a consequence of [6, Lemma 2.2] and the definition of strong
amenability, we may assume that A is a strongly amenable unital C∗-algebra.
In view of Theorem 4.2 and the discussion preceding the present theorem,
we need only show that ΦDerU ⊂ Φ
Bil
U . So let E be a Banach ℓ
1(G,A;α)-
bimodule, let x ∈ E, let D : ℓ1(G,A;α)→ E∗ be a bounded derivation, and
consider the associated function ϕx,DU :U 7→C, defined by
ϕx,DU (u) = 〈x,Du ·u
−1〉
for u ∈U . Define the bounded bilinear form V x,D on A by V x,D(a1,a2) =
〈a1 · x,Da2〉 for a1,a2 ∈ A. Then ϕ
x,D
U = ∆(V
x,D). 
It was already noted in Section 1 that all Type I (equivalently: all post-
liminal) C∗-algebras are strongly amenable. Therefore, Theorem 4.3 implies
that ℓ1(G,A;α) is amenable if A is a commutative or finite dimensional C∗-
algebra, which is [6, Theorem 2.4].
5. CONVERSES
We shall now briefly discuss possible converse implications: if (A,G,α)
is a C∗-dynamical system where G is a discrete group, and if ℓ1(G,A;α) is
an amenable Banach algebra, then what can one say about G or A? The
following modest result sums up the results in this vein that the authors are
aware of.
Proposition 5.1. Let (G,A,α) be a C∗-dynamical system where G is a dis-
crete group. Suppose that ℓ1(G,A;α) is amenable. Then:
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(1) The algebra A is amenable;
(2) If A=C, then G is an amenable group;
(3) If A= C(X) for a compact Hausdorff space X, then the action of G
on X is amenable.
For the definition of an amenable G-action on X we refer to [2, Defini-
tion 4.3.5].
We note that it is not asserted in the first part that A is strongly amenable.
In view of the logical dependence between Theorem 4.2 and Theorem 4.3
this is, perhaps, also not to be expected. After all, since—in the notation of
Section 4—there seems to be no reason why the inclusionΦDerU ⊂Φ
Bil
U could
not be proper, one would, perhaps, expect that there are unital C∗-algebras
that are not strongly amenable, but for which Theorem 4.2 still applies. On
the other hand, in the realm of amenability of groups there are some surpris-
ing implications between the existence of invariant functionals on various
function spaces, and we cannot entirely exclude the possibility that the con-
clusion in the first part of Proposition 5.1 can still be strengthened.
Proof. We prove the first statement. The crossed product C∗-algebra A⋊α G
is the enveloping C∗-algebra of the involutive Banach algebra ℓ1(G,A;α).
By the very construction of such an enveloping C∗-algebra, there is a con-
tinuous (even contractive) homomorphism of ℓ1(G,A;α) into A⋊α G with
dense range. Since ℓ1(G,A;α) is amenable, [23, Proposition 2.3.1] implies
that A⋊α G is amenable. Therefore, the reduced crossed product A⋊α,rG,
which is a quotient of A⋊α G, is also amenable. Since there exists a con-
ditional expectation from A⋊α,rG onto A (see e.g. [2, Proposition 4.1.9]),
this implies that A is amenable (see e.g. [2, Exercise 2.3.3]).
The second statement is, of course, just a special case of Ringrose’s con-
verse to Johnson’s theorem; see [13, Theorem 2.5].
For the third statement, one sees as for the first statement that C(X)⋊α,rG
is amenable. Then the conclusion follows from [2, Theorem 4.4.3]. 
The proofs of the first and third statements rely heavily on some non-
trivial results for C∗-algebras. It is also possible to deduce the second state-
ment in this fashion. As before, if ℓ1(G) is amenable, then so is C∗r (G).
Since G is discrete, [14, Theorem 4.2] then shows that G is amenable. Com-
pared to this, Ringrose’s argument for the amenability of G is definitely
more direct, and it would be desirable to have a more direct argument for
the first and third statements as well.
We do not know if, for non-trivial A, the amenability of ℓ1(G,A;α) im-
plies the amenability of G. An attempt to derive such results via the en-
veloping C∗-algebra (as above) does not only seem overly complicated, but
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may also be the wrong approach, since the passage to the enveloping C∗-
algebra simplifies the structure. For example, L1(G) has a non-selfadjoint
closed ideal for every abelian non-compact locally compact Hausdorff to-
pological group (see [22, Theorem 7.7.1]), but this is of course no longer
true for C∗(G). In a similar vein, and directly related to amenability, we
make the following observation in the non-discrete case. It is known (this
goes back to [9]) that SL(2,R) is not amenable. Hence L1(SL(2,R)) is
not amenable either. However, C∗(SL(2,R)) is amenable (see [4] for the
amenability of every separable connected Lie group, and [15, p. 228] for
the general possibly non-separable case). The information that the group is
non-amenable is thus lost (or is at least no longer reflected in the amenabil-
ity of the algebra) when passing from L1(SL(2,R)) to C∗(SL(2,R)). Such
a lack of information in A⋊α G can also occur for non-trivial A. Indeed, the
Cuntz C∗-algebra O2 on two generators is amenable, but it was noted inde-
pendently by Kumjian and Archbold (see [20, p. 83] for details) that O2 can
be obtained as a C∗-algebra crossed product of the continuous functions on
the Cantor set {0,1}N by the non-amenable discrete group Z2 ∗Z3. Here,
again, the information that G is not amenable is not present in A⋊α G, or is
at least not reflected in its amenability properties.
It seems, therefore, at least conceivable that ℓ1(G,A;α) still contains
enough information to be able to infer some kind of amenability property
of G (or A) if ℓ1(G,A;α) itself is amenable, and it also seems that proper
L1-type arguments will have to be developed in order to investigate such
Ringrose-type converses.
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